Abstract. The construction of Grassmannian codes in some projective space is of highly mathematical nature and requires strong computational power for the resulting searches. In this paper was constructed, using GAP System for Computational Discrete Algebra and Wolfram Mathematica, cliques in the projective space Pq(n) and then we use these to produce cyclic Grassmannian codes.
Introduction
Cyclic Grassmannian codes were first presented by A. Kohnert and S. Kurz in [6] from the perspective of design theory over finite fields. Later T. Etzion and A. Vardy in [3] defined them as a q-analog of cyclic code from the classical coding theory. J. Rosenthal et al. [8] and H. Gluesing et al. [4] studied cyclic codes from the point of view of groups actions. Specifically, they have used an action of the general linear group over a Grassmannian to define them: these codes were called cyclic orbits codes. Cyclic Grassmannian codes are a special case of orbits codes.
Recently T. Etzion et al. [1] , K. Otal et al. [7] , B. Chen, and H. Liu [2] presented new methods for constructing such codes, what includes linearized polynomials, namely subspace polynomials and Frobenius mappings.
A computational method for construction of cyclic Grassmannian codes was presented in [5] .
Let F q n be the extension field, of degree n, of the finite field with q elements, F q (where q is a prime power). It is well known that we may regard F q n as a vector space of dimension n over F q . That is, for a fixed basis, we can identify every element of F q n with a n-tuple of elements in F q . Therefore, we will not distinguish between F q n and F n q . We denote with P q (n) the projective space of order n, that is, the set of all subspaces of F n q , including the null space and F n q itself. For a fixed natural number k, with 0 ≤ k ≤ n we denote with G q (n, k) the set of all subspaces of F n q of dimension k and we call it the k-Grassmannian over F q or Grassmannian in short. We say that
Let A q (n, d, k) and C q (n, d, k) be the maximum number of codewords in an (n, M, d, k) q grassmannian code over the filed F q and the maximum number of codewords in an (n, M, d, k) q cyclic code over F q , respectively. It is clear that
Let α ∈ F * q n and V ∈ G q (n, k). The cyclic shift of V is defined as follows:
Clearly αV is a subspace belonging to G q (n, k). That is, it has the same dimension as V . A Grassmannian code C ⊆ G q (n, k) is called cyclic, if for all α ∈ F * q n and all subspace V ∈ C we have that αV ∈ C . The set Orb(V ) := {αV | α ∈ F * q n } is called the orbit of V .
Observe that in this definition the zero vector was omitted from the set of an orbit. Starting now, this will be explicitly deleted when we specify the elements of a codeword of a cyclic Grassmannian code.
If V ∈ G q (n, k), then |Orb(V )| = q n −1 q t −1 , for some natural number t, which divides n, see [1, Lemma 9] .
for some integer 0 ≤ α t .
Cliques construction
A clique of an undirected graph G is a complete subgraph of G; that is, A clique is a subset of vertices of G such that every two distinct vertices in the clique are adjacent. The clique of the largest possible size is referred to as a maximum clique; that is, it cannot be extended by including one more adjacent vertex. The clique number ω(G) of G is the number of vertices in a maximum clique in G. A clique of size k is called a k-clique.
To calculate the coefficients α t in the previous theorem we proceed as follows: (1) Find all the orbits of G q (n, k) and denote this set by O. That is, 
We define G as the graph of orbits;
The algorithm that calculates all the cyclic codes of a Grassmannian
We define G as the graph of orbits; G ← (V, E); print("α t ≤",NumeroDeClique(G)); Algorithm 2: Algorithm that calculates the upper bounds of the values of α t 3. Classification of binary Grassmannian codes of length smaller than 6
Theorem 3.1. C 2 (4, 4, 2) = 5.
Proof. Let α be a primitive root of x 4 + ... and use this polynomial to generate the field F 2 4 . Let C ⊆ G 2 (4, 2) which consists of all cyclic shifts of
This code C is an [4, 5, 4 , 2]-cyclic code. It consists of a unique orbit with 5 subspaces.
Proof. The unique orbit with minimum distance 4 and n < 6 was presented in the previous theorem.
Classification of binary Grassmannian codes of length 6
4.1. Calculating the number C 2 (6, 6, 3). It follows from Theorem 1.1 that
Lemma 4.1. Let C ⊆ G 2 (6, 3) a cyclic code with minimum distance 6. Then
Proof. There are not orbits with minimum distance 6 having 63 or 21 subspaces.
There is a single orbit with minimum distance 6 and nine subspaces. Proof. Let α be a primitive root of x 6 + ... and use this polynomial to generate the field F 2 6 . Let C ⊆ G 2 (6, 3) which consists of all cyclic shifts of
This code C is an [6, 9, 6, 3]-cyclic code. It consists of a unique orbit with nine subspaces.
4.2.
Calculating the number C 2 (6, 4, 3). It follows from Theorem 1.1 that
Proof. The constructed graph with these parameters is the null graph. That is an edge-less graph. Therefore the clique number is one. There are no orbits with 21 subspaces and minimum distance 4.
Proof. The combined constructed graph with the orbits with 63 and 21 subspaces in the null graph. Then the cyclic Grassmannian code has an orbit of 63 subspaces or an orbit of 9 subspaces but not both. Proof. Let α be a primitive root of x 6 + ... and use this polynomial to generate the field F 2 6 . Let C ⊆ G 2 (6, 3) which consists of all cyclic shifts of
This code C is an [6, 63, 6 , 3]-cyclic code. It consists of a unique orbit with 63 subspaces.
4.3.
Calculating the number C 2 (6, 4, 2). It follows from Theorem 1.1 that C 2 (6, 4, 2) = 63α 1 + 21α 2 + 9α 3 .
Lemma 4.6. Let C ⊆ G 2 (6, 2) a cyclic code with minimum distance 4. Then
Proof. There are not orbits with minimum distance 4 having 63 or 9 subspaces. The associate graph with the orbits of 21 subspaces is the null graph. Table 1 . Tabla para C 2 (6, d, k)
Classification of binary Grassmannian codes of length 7
5.1. Calculating the number C 2 (7, 4, 3). It follows from Theorem 1.1 that
Lemma 5.1. For a cyclic code C ⊆ G 2 (7, 3) with minimum distance 4 holds that α 1 ≤ 2.
Proof. The figure above illustrates this result. We can see that there are various cliques and the big one has two vertices, that is two orbits of 127 subspaces. Proof. The graph formed only by the orbits of 255 subspaces has a clique of 17 vertices, and there is no clique of greater size. In the same way, the graph formed by the orbits of 85 subspaces and the orbits of 17 subspaces is the null graph.
Proof. Fixing the orbit of 17 subspaces in all cliques, then the combined graph formed by the orbits of 255 subspaces and 85 subspaces do not contain a clique with more than four vertices. Proof. Similar to the previous theorem, but now we fix the clique of four orbits with 85 subspaces. This procedure is made for every combination of four orbits of 85 subspaces that form a clique. Proof. There is only one orbit with 85 subspaces, and it has a minimum distance of 4. There are no orbits of other sizes with minimum distance 4. Proof. There is only one orbit with 73 subspaces, and it has a minimum distance of 6. There is a clique of 11 orbits with 511 subspaces.
Theorem 7.2. C 2 (9, 4, 3) ≤ 5621
Proof. It follows directly from previous theorem. Table 4 . Tabla para C 2 (9, d, k)
